A geometrical representation of an intuitionistic fuzzy set is a point of departure for our proposal of distances between intuitionistic fuzzy sets. New deÿnitions are introduced and compared with the approach used for fuzzy sets. It is shown that all three parameters describing intuitionistic fuzzy sets should be taken into account while calculating those distances.
Introduction
In this paper we propose some new deÿnitions of distances between intuitionistic fuzzy sets proposed by Atanassov [1 -5] . These are basically meant to make it possible to re ect the fact that it may not always be certain that the degree of nonmembership of an element in a (intuitionistic) fuzzy set is just equal to 1 minus the degree of membership, but there may be some hesitation degree. By taking into account the three parameter characterization of intuitionistic fuzzy sets, and following the basic line of reasoning on which the deÿnition of distances between fuzzy sets is based, we deÿne the four basic distances between the intuitionistic fuzzy sets: the Hamming distance, the normalized Hamming distance, the Euclidean distance, and the normalized Euclidean distance. While deriving these distances a convenient geometric interpretation of intuitionistic fuzzy sets is employed. It is shown that the deÿnitions proposed are consistent with their counterparts traditionally used for fuzzy sets.
Intuitionistic fuzzy sets -a geometrical interpretation, and comparison with fuzzy sets
Let us start with a short review of basic concepts related to intuitionistic fuzzy sets.
Deÿnition (Zadeh [13] ). A fuzzy set A in X = {x} is given by [12] 
where A : X → [0; 1] is the membership function of the fuzzy set A ; A (x) ∈ [0; 1] is the membership of x ∈ X in A .
Deÿnition (Atanassov [1] ). An intuitionistic fuzzy set A in X is given by [1] The numbers A (x); A (x) ∈ [0; 1] denote the degree of membership and non-membership of x to A, respectively.
Obviously, every fuzzy set A corresponds to the following intuitionistic fuzzy set:
For each intuitionistic fuzzy set in X , we will call
the intuitionistic index of x in A. It is hesitancy degree of x to A [1 -5] . It is obvious that 06 A (x)61 for each x ∈ X:
For each fuzzy set A in X , evidently,
One of the convenient geometrical interpretations of the intuitionistic fuzzy sets [5] is shown in Fig. 1 . Atanassov [5] considers a universe E and subset F in the Euclidean plane with the Cartesian coordinates.
For a ÿxed intuitionistic fuzzy set A, a function f A from E to F can be constructed, such that if x ∈ E, then
and the point p ∈ F has the coordinates a ; b for which 06a ; b 61;
The above geometrical interpretation can be used as an example when considering a situation at the beginning of negotiations -cf. Fig. 2 (applications of intuitionistic fuzzy sets for group decision making, negotiations and other real situations are presented in [8] [9] [10] [11] [12] ).
Each expert i is represented as a point having coordinates i ; i ; i . Expert A: 1; 0; 0 -fully accepts a discussed idea. Expert B: 0; 1; 0 -fully rejects it. The experts placed on the segment AB ÿxed their points of view (their hesitation margins equal zero for segment AB, so each expert is convinced to the extent i , is against to the extent i , and i + i = 1; segment AB represents a fuzzy set). Expert C: 0; 0; 1 is absolutely hesitant i.e. undecided -he or she is the most open to the in uence of the arguments presented. A line parallel to AB describes a set of experts with the same level of hesitancy. For example, in Fig. 2 , two sets are presented with intuitionistic indices equal to m , and n , where: n ¿ m .
In other words, Fig. 2 (the triangle ABC) is an orthogonal projection of the real situation (the triangle ABD) presented in Fig. 3 .
An element of an intuitionistic fuzzy set has three coordinates i ; i ; i , cf. (4), hence the most natural representation of an intuitionistic fuzzy set is to draw a cube (with edge length equal to 1), and because of (4), the triangle ABD (Fig. 3) represents an intuitionistic fuzzy set. As before (Fig. 2) , the triangle ABC is the orthogonal projection of ABD.
This representation of an intuitionistic fuzzy set ( Fig. 3) will be a point of departure for considering the intuitionistic distances, and entropy of intuitionistic fuzzy sets.
Distances in fuzzy sets and intuitionistic fuzzy sets
In many theoretical and practical issues we face the following problem. Having two fuzzy sets in the same universe, we want to calculate a di erence between them represented by a distance.
In this section we will ÿrst reconsider some better known distances for the fuzzy sets in an intuitionistic setting, and then extend those distances to the intuitionistic fuzzy sets.
Distances for fuzzy sets
The most widely used distances for fuzzy sets A; B in X = {x 1 ; x 2 ; : : : ; x n } are [6] • the Hamming distance d(A; B):
• the normalized Hamming distance l(A; B):
• the Euclidean distance e(A; B):
• the normalized Euclidean distance q(A; B):
In all the above formulas (5)- (8) , only the membership functions are present. This is due to the fact that for a fuzzy set, (x i ) + (x i ) = 1.
As we may remember from Section 2, we can represent a fuzzy set A in X in an equivalent intuitionistictype representation (3) given as
and we will employ such a representation while rewriting the distances (5) - (8) .
So, ÿrst, taking into account an intuitionistic-type representation of a fuzzy set, we can express the very essence of the Hamming distance by putting
i.e. it is twice as large as the Hamming distance of a fuzzy set (5) . And similarly, the normalized Hamming distance l (A; B) taking into account an intuitionistic-type representation of a fuzzy set, is in turn equal to
i.e. the result of (10) is two times multiplied as compared to (6) . Then, by the same line of reasoning, the Euclidean distance, taking into account an intuitionistic-type representation of a fuzzy set, is equal to
i.e. it is multiplied by √ 2 as compared to the Euclidean distance for the usual representation of fuzzy sets given by (7) .
The normalized Euclidean distance q (A; B), taking into account an intuitionistic-type representation of a fuzzy set, is then equal to
so again the result of (11) is multiplied by √ 2 as compared to (8) . The geometrical interpretation (in the sense of Fig. 2 ) of these one-element fuzzy sets is shown in Fig. 4 . Let us calculate the Euclidean distances between the fuzzy sets using the "normal" representation by (7):
Now let us calculate the same Euclidean distances using the intuitionistic-type representation of fuzzy sets (11):
e (B;
So, as already noticed, the above results are just those of (13) -(19) multiplied by √ 2. Therefore, though the distances (13) - (19) and (20)- (26) are clearly di erent, their essence is the same. 
i.e. two times the value obtained from (5), while the normalized distance (10) is equal to
Let us compare the Euclidean distances calculated by (7) and (11) . From (7) we have 
From (11) 
From (9) we obtain the Hamming distance, taking into account the intuitionistic-type representation of fuzzy sets, equal to 
06e(A; B)6 √ n;
06q(A; B)61;
• for the distances calculated for any fuzzy sets A and B, taking into account the intuitionistic-type representation of fuzzy sets (9)- (12) 
It is worth noticing that it is not our purpose to introduce a new way of calculating distances for fuzzy sets. Conversely, we have shown that the intuitionistic-type representation of fuzzy sets results in multiplying the distances by constant values only. But similar reasoning in a case of intuitionistic fuzzy sets (i.e. omitting one of the three parameters) would lead to incorrect results. It is discussed in the next chapter.
Distances for intuitionistic fuzzy sets
We will now extend the concepts of distances presented in Section 3.1 to the case of intuitionistic fuzzy sets.
Following the line of reasoning presented in Section 3.1, for two intuitionistic fuzzy sets A and B in X = {x 1 ; x 2 ; : : : ; x n } the Hamming distance is equal to
Taking into account that
we have
Inequality (57) means that the third parameter in (55) cannot be omitted as it was in the case of fuzzy sets, for which taking into account the second parameter would only result in the multiplication by a constant value.
A similar situation occurs for the Euclidean distance. Namely, for intuitionistic fuzzy sets A and B in X = {x 1 ; x 2 ; : : : ; x n }, by following the line of reasoning as in Section 3.1, their Euclidean distance is equal to
Let us verify the e ect of omitting the third parameter ( ) in (58). Taking into account (56), we have
which means that taking into account the third parameter , when calculating the Euclidean distance for intuitionistic fuzzy sets does have an in uence on the ÿnal result. It is obvious because a two-dimensional geometrical interpretation (Fig. 2) is an orthogonal projection of a real situation presented in Fig. 3 . Having in mind (51) -(54), in order to be more concordant with the mathematical notion of normalization, the following distances for two intuitionistic fuzzy sets A and B in X = {x 1 ; x 2 ; : : : ; x n } are proposed • the Hamming distance:
• the Euclidean distance:
• the normalized Hamming distance:
• the normalized Euclidean distance:
Clearly these distances satisfy the conditions of the metric (cf. [7] ). and their geometrical interpretation is presented in Fig 5. Let us calculate the Euclidean distances between the above intuitionistic fuzzy sets using the formula (i.e. omitting the third parameter): We obtain 
The above results are not of the sort that one can agree with. As it was shown (Fig. 3) , the triangle ABD ( Let us calculate the same Euclidean distances using (61). We obtain 
Formula (61) gives the results we expect, i.e. 
Then, the Hamming distance (60), taking into account all three parameters, is equal to 
Hence, the normalized Hamming distance (62), taking into account all three parameters, is equal to 
The Hamming distance taking into account only the two parameters is equal to 
The Euclidean distance (65) taking into account only two parameters is equal to 
The results obtained in Examples 3 and 4 conÿrm that distances in intuitionistic fuzzy sets should be calculated by taking into account all three parameters (membership degree, non-membership degree, and values of hesitancy margin). It is also easy to notice that for formulas (60) -(63) the following is valid: 
Using only two parameters gives values of distances which are orthogonal projection of the real distances (Fig. 3) , and this implies that they are lower.
Conclusions
In this paper, we proposed new deÿnitions of distances between intuitionistic fuzzy sets. It was shown that their deÿnitions should be calculated by taking into account three parameters describing an intuitionistic fuzzy set. Taking into account all three parameters describing intuitionistic fuzzy sets when calculating distances ensures that the distances for fuzzy sets and intuitionistic fuzzy sets can be easily compared [cf. (47) - (50) and (90) - (93)].
